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Model for spatial microtubule oscillations
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Under particulaiin vitro conditions, oscillating spatial and temporal waves of assembled microtubules can
be observed. A reaction-diffusion model is presented to reproduce these results. This model is based on a set
of chemical reaction equations and extended to include spatial dependence and diffusion. The basic properties
of the model are presented and the results are demonstrated to connect the observable waves with turbidimetric
measurements. The results of the model are consistent with experimental fif@bg83-651X%99)05307-9

PACS numbe(s): 87.10:+e, 82.20.Wt, 82.40.Bj

I. INTRODUCTION ks
MT,+Tu-GTP—>MT,, 1, (1)
Microtubules are tubular polymers formed from the pro-
tein tubulin. They are one of the three filament types that
constitute the eukaryotic cytoskeleton and are intrinsic to MT,—nTu-GDP, @)
many cell functions. As additional research is performed on

ke

. . kn

these structures, more and more fascinating features are re-

vealed. One of the most intriguing properties pertains to the NeTU-GTP—MT, ©
growth characteristics of microtubules. For many years, the K

dynamic instability of individual microtubules has been Tu-GDP—Tu-GTP, (%)
known and studied, but another behavior is also observed.

When an ensemble of microtubules has the correct buffer ki

conditions, the total amount of assembled tubulin undergoes MT,+ Tu-GDP—(n+1)Tu-GDP, 5)

damped oscillation$1—-4]. These oscillations are typically

observed turbidimetrically. This method measures thevhere MT is a microtubule containing dimers, and
amount of light scattering from the sample which is propor-Tu-GTP/Tu-GDP is an unassembled tubulin dimer with
tional to the amount of assembled tubulin. Since this is &5TP/GDP bound at the exchangeable sEesfte) in the 8

bulk measurement, all of the spatial information about whergnonomer(see[10] for more details It was assumed that all
assembly is taking place is eliminated, thus leaving the imthe variables depended only on time, but we will now as-
pression that these are simply oscillations in time, homogesume space dependence as well. We also want to extend our
neous throughout the sample. This may be the case in sonmeodel to include diffusion, however, not all quantities will
situations, but other possibilities exist. Mandelkewal.[5]  diffuse to the same extent. Assembled microtubules are
performed an experiment where they actually viewed micromuch larger than their constituent dimers and would thus
tubule oscillations by eye and they observed waves in thdiffuse much more slowly. For this reason, we will only
sample. These waves of assembly were nucleated at tie@nsider the diffusion of free tubulin dimers. With these
boundary of the vessel containing the sample and propagateédlded terms, we can derive the set of reaction-diffusion

inwards through the buffer. equations for the above processes:
There have been many different oscillation models devel- ]
oped in previous yeal8,6—9. These models varied in both N=—Kk,N+k,T;—kiNTy, (6)
their approaches and their success. Another model involving
chemical kinetic§10] was shown to reproduce many of the Ta: KiNT,— KT+ knTPC— KiT,Tq, (7

observed microtubule oscillation phenomena. The variables
in this model had no spatial dependence and the oscillations

. . Ta=kcTa—k Tg+ kT Tg+DV?
produced were purely temporal, in accordance with most ex- Ta=keTa~kiTatkiTaTa+ DV Ta, ®
perimental results. We will use this model as a starting point - ne 5
and make the necessary additions to include spatial depen- Ti= =K NT=nck T *+ k Tg+ DV, ©

dence. The results of this model will be discussed and com- h he diffusi is th ¢ I f
pared with those from experiment. where the diffusion constand is the same for all free

dimers, independent of their bound nucleotide. The four pa-
rameters arél, the microtubule number densify, , the den-
sity of assembled tubulin, anB, (T,), free tubulin dimers
The chemical kinetics model presented ear]itd] was  with GTP (GDP) bound at theE site. The rate constants for
based on five basic reactions involving microtubule and tuour reactions were largely determined from experimental
bulin dimers bound with either guanosine triphosphatedata[10], likewise the diffusion of tubulin within the cyto-
(GTP) or guanosine diphosphat€DP). The set of reactions plasm has been measured. Salneiral. [11] found anin
was vivo value of D=5.9x10"8 cn?/s. From this they also es-

Il. ADDING SPATIAL DEPENDENCE
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TABLE I. The constants used in the simulatiofsee Ref[5]
for more details

ki 9uM-ts?

ke 0.002s?

Kn 2.6x10 PyuM2g5?
ki 0.01uMts?

K, 0.05-0.2s!

D 6x10 7 cnf/s

timated a value oD =56x10"8 cm?/s for tubulin in anin
vitro buffer. Since we are modeling vitro assembly, we
will adopt the second value for our choice Bf All of the - . L

sample. The initial Tu-GTP concentration varies linearly from

constants in this model are summarized in Table I. ) e
There has been much debate surrounding the topic of ml5_0,uM at 0 cm to 10QuM at 1 cm. All other variables are initially
; i . set to zero.
crotubule nucleation and the order of the nucleation reaction.

We will select a value oh.=3 in solving the above equa-
tions. Flyvbjerget al.[12] used a higher order process for the

initial nucleation 6.,=6) followed by several reactions that choose constant profiles fdly andT,, the diffusion terms

were third order in the monomer concentration3). Al- ; . : :
) .would contribute nothing since the Laplacian would be zero
though we assume complete collapse of the microtubule in . 9 .
; S ) . and all resulting oscillations would be homogeneous in
reactions(2) and (5), it is more likely that some oligomers space. For nonconstant profiles, however, each part of the
remain after collaps¢13,14. If these oligomers serve as pace. P ' ’ P

nuclei for growth, the ensuing reactions would be third ordersy‘c’tem will evolve based on local concentrations but would

in the dimer concentration. Although greatly simplified from be coupled to the rest of the cell by the diffusion of the free

the real situation, our model captures the essence of the proE)u-bu“n' Systems such as this have long been known to be

lem and should have roughly the correct dependence on thlrenportant In pattern fprmatlon phenomena. _Tur[rl@] pro-
tubulin concentration posed reaction-diffusion models as the basis for pattern for-

With all of the constants determined, we can solve themat|on in chemical systems. Later models involved gradients

system of equations. For simplicity we will look for a solu- of the concentrations to produce_ patterns in biological ol
T2 L ; . : tems[17]. In any case, the basis of all pattern formation
tion in one spatial dimension, thus we discretize each dUaither in chemical or biological systems is the inhomo eneity
tity (T,, Tq, Ty, andN) on a (,t) grid. Because of the 9 Y 9

\ ' . .. —. of some parameter such as initial conditions, diffusion coef-
nonlinear terms in our equations, we selected a semi-implici

method developed by Bader and DeufhBid]. The Laplac- icients, or the rate constants. For steady-state patterns to
) . | : ) emerge in systems with diffusion, patterns must be due to
ian was calculated using a five-point central difference for- : . e .
mula spatially inhomogeneous rate or diffusion constants since

diffusion will eventually remove patterns simply due to ini-

2 N _oTn,n N _ o, n tial conditions.
T = 1 AT = 2T Ty 12 2TitTio In our system, the diffusion constant is very small on the

FIG. 1. Simulation for an initial gradient of Tu-GTP across the

ditional freedom in that we may choose the initial conditions
for the concentrationN, T,, T;, and T4. If we would

axz 3 AX? (2Ax)2 scale of the other variables. Because of this, instabilities aris-
4 ing from diffusion are unlikely for the concentrations with
+O(AX). (100 which we are concerned. We know that increasing the con-

centration of GTP-rich tubulin increases the size of the os-
cillations. If we introduce an initial gradient df;, across the

grid po.int (i tn) and T represents one of the reactant con- o\ e would expect interesting dynamics. Figure 1 shows
centrations. We want to solve this system subject to partlcut-he'results for a linear gradient a% from 50 xM on one

lar boundary conditions. Since we have a closed vessel, ngge to 10QuM on the other. Although these plots only run
choose no-flux boundary conditions

for a short time, it can easily be seen how initial conditions
oT" cannot produce stable patterns. At the last time step, the so-
— =0 for i=1N. (11 lution is very nearly flat. To change this result, we must
X assume some constég)tto be spatially inhomogeneous.

This can easily be incorporated into our central difference I?ecalll the tflndmgsh of t?ﬁ Magdelkm(/jv group menU_one?h
formula by artificially making each concentration profile earlier. In systéms where they observed waves crossing the

symmetric around each boundary. Solutions to this set oyessel, they concluded that th? barrier for nuclgation was
reaction-diffusion equations will now be shown under a va-Somehow lower at the boundaries. In their experiments, the

riety of conditions. buffer cor_ltaining the tubulin was well mixed before _th_e_ tem-
perature jump, so we can assume homogeneous initial con-
ditions for all variables. To try and produce such waves in
our system, we adopt a nucleation rate which is highest at the
The free parameters we now have to work with are theedge of the cell and decays exponentially to the interior of
temperature and tubulin concentration. We also have one adhe cell. (For simplicity, we will only raise the nucleation

In this formula, the subscripgtand superscriph denote the

Ill. RESULTS OF THE MODEL
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FIG. 3. The dependence of the average wave speed, the maxi-
mum peak divided by initial tubulin concentration, and the initial
separation between the first and second waves as functions of initial
tubulin concentration and the nucleotide exchange kateFor the

left plot k,=0.2 s'%, for the right plot the initial tubulin concen-
tration was 10Q.M.
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FIG. 2. Simulation for an inhomogeneous nucleation rate where
k, is highest atx=0 cm and falls off az=™** °™ Waves of as-
sembled tubulin are nucleated at the boundary and propagate to-
wards the middle of the cell. The tubulin concentration is 400
andk, is equal to 0.05 s' (top) and 0.2 s (bottom.

IV. DISCUSSION

after about 30 s and periods of oscillations around 200 s.
Again, our simulations produce values of the same order of
magnitude.
As mentioned earlier, turbidimetric measurements have
the effect of removing all spatial information. If we perform
an average over space at each time step of our simulation, the
150 average should correspond to the overall turbidity of the
sample. Figure 4 shows three plots for different tubulin con-
centrations. At each concentration, there was wave formation
at the boundary as depicted in the previous simulations, but
at the lower concentrations, the average amount of assembly
simply grew monotonically. As the tubulin concentration
was increased, the plot of the average assembly developed an
] overshoot and eventually, with increasing concentration, os-

Microtubule oscillations can be produced in both time and
space under the correct experimental conditions. The

reaction-diffusion model presented in this paper produces

constant on one side of the cgllThe simulation was per-
formed for a tubulin concentration of 1M where initially

all of the tubulin was unassembled and GTP-rich. After
nucleation at the boundary, a wave of assembled tubulin
propagates into the cell centgee Fig. 2. This is in fact not

a single wave, but a series of waves. As was observed by
Mandelkowet al.[5], the waves move in from the boundary
and slow as they move towards the interior of the vessel.
Thus the number of visible wave crests increases with time.
Figure 2 shows results for two different values lgf. A
higher value ofk, should correspond to a higher GTP con-
centration since it increases the rate of nucleotide exchange.
In our simulations, this has the effect of increasing the size
and frequency of the waves.

We can more accurately quantify the effects of the tubulin
concentration and the rate of nucleotide exchange on the
shape and behavior of the waves. Figure 3 shows how each
of these parameters affects the average speed of the waves
the maximum wave height, and the initial separation between
the first two waves. The values that we find in our model are
consistent with the numbers found by Mandelketal. [5].

qualitatively similar results. An additional feature of the
model is that it draws a connection between the spatial
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FIG. 4. The average assembled tubulin density across the

They reported speeds around 0.015 mm/s and wavelengtliample as a function of time. The four plots are for tubulin concen-

on the order of 5 mm. They also reported initial nucleationtrations of 50uM (bottom), 90 M, and 150uM (top).
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waves and turbidimetric measurements. From these results,atganizing centefMTOC) and lower elsewhere. Such a
seems possible that waves of assembled tubulin may exist ichoice would lead to longer microtubules in the vicinity of
systems where the overall turbidity of the sample does nothe MTOC and shorter ones further away. Choosing other
undergo oscillations. In fact, since inhomogeneity plays suchate constants with a spatial dependence or an inhomoge-
a large role in pattern formation, it would seem to be veryneous temperature distribution could produce many other ef-
difficult to design an experiment where homogeneous microfects,

tubule oscillations could be produced. It must be stressed Ag suggested from experimental evidence, we assumed
that, within this model, the waves that are seen do not repthat the nucleation rate was higher near the boundary of the
resent the movement of microtubules since assembled polyessel. The source of this increased rate is not known and
mers are not allowed to diffuse. Instead, these waves argay be attributed to temperature pH gradients, or even
variations in the local stability of the growing microtubules. dissolved gas bubbles on the sides of the vessel. For what-
This is very likely the experimental situation in that theseever reason, it is clear that the system is not completely

waves represent oscillations in the Stability of the aSSGmb'eHomogene()US’ and this inhomogeneity is the basis for oscil-
and unassembled phases of tubulin. lations and wave formation.

The basis of this oscillation model is five simple chemical
reactions along with diffusion of free tubulin dimers. There
are many possibilities for extending this model to include ACKNOWLEDGMENTS
additional effects and to make it more realistic, but we al-
ready have many degrees of freedom in the present model. The author would like to thank J. A. Tuszynski for his
The spatial dependence of the rate constants for our reactioe®mments and suggestions regarding the manuscript. This
can have a large effect. One possibility would be to choose work was supported by NSERC, and a NIH grant
nucleation rate that was higher in the region of a microtubuleawarded to J. A. McCammon.
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